Low-volume-fraction limit for polymer fluids  by Fratrović, Tomislav & Marušić-Paloka, Eduard
J. Math. Anal. Appl. 373 (2011) 399–409Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Low-volume-fraction limit for polymer ﬂuids
Tomislav Fratrovic´ a,∗, Eduard Marušic´-Paloka b
a Faculty of Transport and Traﬃc Sciences, University of Zagreb, Croatia
b Department of Mathematics, University of Zagreb, Croatia
a r t i c l e i n f o a b s t r a c t
Article history:
Received 25 September 2009
Available online 3 August 2010
Submitted by J. Guermond
Keywords:
Polymer
Filtration
Low-volume fraction
Permeability function
Drag force function
Power-law
We study a stationary, purely viscous polymer ﬂow through a porous medium modelled as
a periodic array of cells consisted of a ﬂuid part and a solid one. Solid parts of the domain
present impermeable obstacles, whose impact on ﬂuid ﬂow may be seen as a slowing
factor through averaged quantities such as the permeability function, obtained by the
homogenization process. In that way, the inﬂuence of the microstructure is implemented
in the homogenized equations through a kind of nonlinear Darcy’s law. Our goal is to ﬁnd
more explicitly the dependence of the permeability function on the size η of the obstacle
in the unit cell and the so-called low-volume-fraction limit. Main diﬃculties arise from the
nonlinear character of the power-law viscosity and the apparent weak convergence of the
solutions involved.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The study of polymer ﬂow through porous medium is of considerable interest in engineering applications. Examples of
such ﬂows can be found in case of natural as well as artiﬁcial porous media. A nice example of polymer ﬂow through
a porous soil appears when polymer ﬂooding is used to improve oil recovery (see e.g. [28,18]). Another example is in
industrial process of injecting malted plastic in a mould, where the polymer is ﬁrst pushed through ﬁlter in order to
improve the quality of the ﬁnal product (see e.g. [8]). There is a considerable number of papers in the existing literature
treating this problem from different points of view, theoretical, numerical or experimental [9,7,8,17,15,13,18].
In the study of porous medium, when the solid part of the medium is small compared to the ﬂuid part, we talk
about the low-volume fraction. Such situations can be found in many real-life applications [11,4,20,10]. Usually, under
such circumstances standard porous media models can be simpliﬁed by considering the so-called low-volume-fraction limit.
That approach was used in many different situations as in porous media ﬂow [1–3,5], Ostwald ripening [20,12], ﬁbrous
medium [4], perforated plate optimization [6], Cahn–Hilliard functional in microphase separation of diblock copolymer [11]
or impedance imaging [10].
In the present paper we follow the approach from Allaire [1]. In his paper the low-volume-fraction limit of the Darcy
permeability tensor for the periodic porous medium was found. Serious technical diﬃculties appeared in 2D due to the
Stokes paradox.
We obtain here similar result for the polymeric ﬂow. Different models of quasi-Newtonian liquids can be found in
the literature (see e.g. Rosen [26]). For simplicity, we choose the power-law to describe the dependence of the viscosity
on the deformation tensor. Due to the absence of the Stokes paradox in case of such polymer ﬂow (see [23]), we avoid
diﬃculties encountered in [1]. However, as the power-law describing the viscosity is fully nonlinear, we have different kind
of diﬃculties. In [1], the low-volume-fraction limit of the permeability tensor, in 3D case, is a tensor whose inverse can
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be computed from an exterior problem for the Stokes system. Therefore, the invertibility of the limit is necessary for the
procedure. In our case, the limit of the nonlinear permeability function remains nonlinear and fairly complicated. Luckily,
it turns out to be strictly monotone function, which makes it invertible and the situation can be handled in analogy to the
linear case.
We would also like to mention that similar problem for the p-Laplacian, a scalar analogue of our system, was studied
in [5]. However, their approach, based on the theory from [22], is restricted to scalar equations and cannot be easily applied
here.
2. Geometry settings and the permeability function
One way to model homogeneous porous medium is to postulate periodicity of a domain with small period ε > 0. Let us
ﬁrst describe the prototype of a pore used to model our geometry. Let Y = (0,1)n = Yη ∪ ηT be the unit cell consisted of a
“ﬂuid part” Yη and a “solid part” ηT , where 0< η < 1 is a parameter and T is the prototype of the obstacle of size 1. We
assume that ηT ⊂⊂ Y , i.e. is strictly included in the unit cell. It is a closed set of a positive measure with Lipschitz boundary
and locally located on one side of its boundary. Now, every cell of a given porous material (see Fig. 1) is a homeomorphic
image of a unit cell Y by the linear homeomorphism Πεk : Rn → Rn , being composed of translation by vector k ∈ Zn and
homothety by factor ε. Porous medium is a domain Ω ⊆ Rn , given as the union of its solid part
Tε =
⋃
k∈I
Πεk (ηT ); I =
{
k ∈ Zn ∣∣Πεk (ηT ) ⊂ Ω}
and ﬂuid part Ωε = Ω \ Tε .
For modelling of a quasi-Newtonian polymer ﬂuid we choose Ostwald–de Waele power-law model where deviatoric or
viscous part of a stress tensor is given by
τ = ∣∣e(v)∣∣r−2e(v), 1< r < 2, e(v) = sym∇v = 1
2
(∇v + ∇vt).
In that way, the equations governing velocity and pressure in a stationary, purely viscous ﬂow of a shear-thinning polymer
ﬂuid with ﬂow index r are⎧⎪⎨⎪⎩
−div{∣∣e(vε)∣∣r−2e(vε)}+ ∇pε = f inΩε,
div vε = 0 inΩε,
vε = 0 on ∂Ωε.
(1)
The ﬂow takes place in a very complicated domain Ωε , but after homogenization (letting ε → 0), one is given a type of
nonlinear Darcy’s law for a ﬂow in a complete domain Ω⎧⎨⎩
v = Uη( f − ∇p) in Ω,
div v = 0 in Ω,
v · n = 0 on ∂Ω.
(2)
We now have a macroscopic or “averaged” equations where obstacles are neglected or, better to say, averaged out. In other
words, the ﬂuid ﬂow is completely described through the newly introduced vector valued permeability function Uη(ξ),
ξ ∈ Rn , which is deﬁned as
Uη(ξ) =
∫
Y
vξ dy, Yη = Y \ ηT , (3)η
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−div{∣∣e(vξ )∣∣r−2e(vξ )}+ ∇pξ = ξ in Yη,
div vξ = 0 in Yη,
vξ = 0 on ∂(ηT ),
(vξ , pξ ) Y -periodic.
(4)
Remark 2.1. Question naturally arises about the existence and uniqueness of the solutions mentioned above. It turns out
that the best setting for our equations are the functional spaces called homogeneous Sobolev spaces
D1,r(Ω) = {φ ∈ L1loc(Ω)n ∣∣∇φ ∈ Lr(Ω)n×n},
along with the usual Lebesgue spaces Lr(Ω), while the notation D1,r0 (Ω) refers to the closure of C
∞
0 (Ω) in the norm|φ|D1,r(Ω) = |e(φ)|Lr(Ω) . Due to the Korn’s inequality, norms |e(φ)|Lr(Ω) and |∇φ|Lr(Ω) are equivalent. We shall often use the
relation 1r + 1r′ = 1 and simplify the notation of vector and tensor function spaces, the meaning of which should be clear
from the context.
3. Solutions
Let us ﬁrst precise the meaning of a term solution to the ﬂow equations. We can only get useful results for the so-called
weak solutions.
Deﬁnition 3.1. Let 1< r < 2 and f ∈ D1,r′ (Ωε). We say that (vε, pε) ∈ D1,r(Ωε) × Lr′ (Ωε)/R is a weak solution of (1) if vε
is weakly divergence-free and
∀φ ∈ D1,r0 (Ωε)
∫
Ωε
(∣∣e(vε)∣∣r−2e(vε) : e(φ)− pε divφ)dx = 〈 f , φ〉,
vε = 0 on ∂Ωε in the sense of trace on W 1,rloc (Ωε).
Remark 3.2. Throughout the text we often use the notation 〈·,·〉Ω or even only 〈·,·〉 for various duality pairings whose
meaning should be clear from the context. In special cases, of course, it reduces to plain integral over domain involved.
Notation (·,·) stays reserved for usual scalar product in Rn .
Remark 3.3. It is obvious that analogous deﬁnition works for problem (4). The only difference lies in the function space that
contains solution (vξ , pξ ), which should now be D
1,r
per(Yη)× Lr′(Yη)/R.
The existence and uniqueness of solutions to problems (1) and (4) is a classical question answered by Lions in [21].
Homogenization of a power-law ﬂuid ﬂow was extensively studied by Bourgeat, Mikelic´ in [9], while the permeability
function was ﬁrst introduced and studied by Bourgeat, Gipouloux and Marušic´-Paloka in [7].
In what follows, we shall need some classical results for a priori estimates of solutions, slightly adapted to ﬁt our needs.
Namely, we need explicit dependency on parameter η.
Lemma 3.4 (Poincaré–Korn inequality in Yη). Let 1 < r < n. There are constants C1,C2 > 0, independent of η, so that for every
v ∈ D1,rper(Yη), for which v = 0 on ∂(ηT ),
|v|Lr(Yη) 
C1
η
n−r
r
|∇v|Lr(Yη) (Poincaré’s inequality), (5)
|∇v|Lr(Yη)  C2
∣∣e(v)∣∣Lr(Yη) (Korn’s inequality). (6)
Proof. Since the prototype T of the obstacle is a closed set of a positive measure, there are α > 0, x0 ∈ Y so that ball
B(x0,αη) ⊂ ηT .
For x ∈ Y , let ρ = |x− x0| and extend v by zero from Yη to the whole unit cell Y . We then have
v(x) =
ρ∫
∂v
∂t
(
x+ (t − ρ)eρ
)
dt, eρ = x− x0|x− x0| .αη
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variable B gets translated to the origin of the coordinate system so that
|v|rLr(B) 
∫
S1
2∫
αη
∣∣∣∣∣
ρ∫
αη
∂v
∂t
(
z + x0 + (t − ρ)eρ
)
dt
∣∣∣∣∣
r
ρn−1 dρ dω.
Applying Hölder inequality and the fact that ρ < 2 for the part∣∣∣∣∣
ρ∫
αη
∂v
∂t
(
z + x0 + (t − ρ)eρ
)
dt
∣∣∣∣∣
r

[ 2∫
αη
∣∣∣∣∂v∂t (z + x0 + (t − ρ)eρ)dt
∣∣∣∣rtn−1 dt
][ 2∫
αη
dt
(tn−1) r
′
r
] r
r′
,
we prove
|v|rLr(B)  C
1
ηn−r
|∇v|rLr(B).
Because
|v|rLr(Yη)  |v|rLr(B)  (2n + 1)|v|rLr(Yη),
two norms are equivalent, so (5) follows.
For the proof of Korn’s inequality (6), we ﬁrst extend v ∈ D1,rper(Yη) by zero on ηT to obtain a function in W 1,rper(Y ).
Now using the results from [24] in a similar way as it was done in [9], we see that parameter η has no effect on Korn’s
constant. 
We are now in a position to obtain some a priori estimates for the solutions.
Lemma 3.5. Set A(r) = n−rr−1 . Solutions to the auxiliary cell problem (4) satisfy
|vξ |Lr(Yη)  C |ξ |
1
r−1 1
ηA(r)
,
∣∣e(vξ )∣∣Lr(Yη)  C |ξ | 1r−1 1
η
A(r)
r
,
|pξ |Lr′ (Yη)/R  C |ξ |
1
η
n−r
r
.
Proof. Let (vξ , pξ ) ∈ D1,rper(Yη)× Lr′(Yη)/R be the solution.
First, we test Eq. (4)1 by vξ and get inequality∣∣e(vξ )∣∣rLr(Yη)  C |ξ | · |vξ |Lr(Yη),
which, by the use of Poincaré–Korn inequality, provides∣∣e(vξ )∣∣Lr(Yη)  C 1
η
n−r
r(r−1)
|ξ | 1r−1 . (7)
From here, estimates for velocity easily follow by one more use of Lemma 3.4.
For the pressure, we take φ ∈ D1,r0 (Yη) and testing Eq. (4)1 get∣∣∣∣ ∫
Yη
pξ · divφ dy
∣∣∣∣ ∫
Yη
∣∣e(vξ )∣∣r−1∣∣e(φ)∣∣dy + ∫
Yη
|ξ | · |φ|dy.
Using (7), with a help of Hölder and Poincaré–Korn inequality, this gives∣∣∣∣ ∫
Yη
pξ · divφ dy
∣∣∣∣ C |ξ | 1
η
n−r
r
∣∣e(φ)∣∣Lr(Yη). (8)
Now, we choose divφ = |pξ |r′−2pξ ∈ Lr(Yη). Such φ ∈ D1,r0 (Yη) exists and satisﬁes (see for example [14, Theorem III.3.4])∣∣e(φ)∣∣Lr(Y )  c|pξ |r′−1r′ .η L (Yη)
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Yη
|pξ |r′ dy  C |ξ | 1
η
n−r
r
|pξ |r′−1Lr′ (Yη)/R,
which is exactly what we need. 
4. Low-volume-fraction limit
The calculation of low-volume-fraction limit is not a new concept. The term has been addressed by many authors. For
instance, it appeared in not so recent works [16] by H. Hasimoto (1959) and [27] by A.S. Sangani and A. Acrivos (1982),
dealing with porous media modelled as an array of spheres. More recent and more general is the result [1] by G. Allaire
(1991) concerning Stokes ﬂow through periodic porous medium with much less restriction on the obstacle shape. Our idea
is to study the behaviour of the ﬁltration law, its solution and the permeability function in case of a low-volume fraction,
for different obstacle sizes governed by parameter η. It controls not only the size of the obstacles, but rather the ratio of
solid and ﬂuid parts in the unit cell. Letting η tend to zero, we imply that this ratio tends to zero and we are interested in
what happens at the low-volume-fraction limit.
4.1. Exterior problem and the drag force function
Let us ﬁrst deﬁne quasi-Newtonian exterior problem in Rn \ T parametrized by ξ ∈ Rn⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−div{∣∣e(wξ )∣∣r−2e(wξ )}+ ∇πξ = 0 in Rn \ T ,
divwξ = 0 in Rn \ T ,
wξ = 0 on ∂T ,
lim|x|→∞ wξ = ξ
(9)
and set the corresponding drag force, exerted by the ﬂuid on the obstacle T , equal to the function G(ξ), ξ ∈ Rn , to be
deﬁned in following. Result about the solution to this problem was given by E. Marušic´-Paloka in [23]:
Theorem 4.1. Let r be a ﬂow index, and n a spatial dimension. Problem (9) admits a unique weak solution (wξ ,πξ ) ∈ D1,r(Rn \ T )×
Lr
′
(Rn \ T )/R if and only if r < n.
Remark 4.2. When spatial dimension n  2, it is obvious that for polymer ﬂuids exterior problem always admits a unique
solution.
In the following lemma, we emphasize solution’s behaviour at inﬁnity. It also clariﬁes how the condition (9)4 is satisﬁed.
Let Sη = {x ∈ Rn | |x| = 12η }, Dη = {x ∈ Rn | 12η < |x| < 1η } and Gη = {x ∈ Rn | |x| > 12η }, for η > 0.
Lemma 4.3. Let 1< r < 2 be a ﬂow index, and (wξ ,πξ ) ∈ D1,r(Rn \ T )× Lr′(Rn \ T )/R a unique weak solution to the problem (9).
Then for η > 0
|wξ − ξ |Lr(Sη)  Cη
n−r
r . (10)
Furthermore,
lim
η→0 |wξ − ξ |W 1− 1r ,r(Sη) = 0. (11)
Proof. Estimate (10) is obtained from [14, Lemma II.5.2] while for (11) we set S1 = {x ∈ Rn | |x| = 12 } and D1 = {x ∈ Rn | 12 <
|x| < 1}. We also recall that for w ∈ W 1− 1r ,r(Sη)
|w|
W 1− 1r ,r(Sη)
= |w|Lr(Sη) + 〈〈w〉〉1−1/r,r,Sη
where
〈〈w〉〉1−1/r,r,Sη =
( ∫
Sη
∫
Sη
|w(x)− w(x′)|r
|x− x′|n−2+r dσx dσx′
) 1
r
.
For a function w deﬁned on Dη , if we put v(y) = w( yη ) we get a function deﬁned on D1. Easy computation by the change
of variables yields that for 1 q < +∞
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n
q |w|Lq(Dη),
|∇v|Lq(D1) = η
n−q
q |∇w|Lq(Dη),
〈〈v〉〉1−1/q,q,S1 = η
n−q
q 〈〈w〉〉1−1/q,q,Sη .
We now use the inequality
|v|
W 1− 1r ,r(S1)
 |v|
W 1− 1r ,r(∂D1)
 C
(|v|
L
nr
n−r (D1)
+ |∇v|Lr(D1)
)
to obtain the following, with constant C independent of η,
η
n−r
r 〈〈w〉〉1−1/r,r,Sη  |v|W 1− 1r ,r(S1)  Cη
n−r
r
(|w|
L
nr
n−r (Dη)
+ |∇w|Lr(Dη)
)
.
Now, using Poincaré–Sobolev inequality with dilatation invariant constant and Korn’s inequality, we see that for the solution
wξ one can write
〈〈wξ − ξ〉〉1−1/r,r,Sη  C
∣∣e(wξ )∣∣Lr(Gη) −→ 0, as η → 0. (12)
To prove vanishing of the term on the right when η → 0, one should apply the monotone convergence theorem for the
sequence of functions |e(wξ )|rχGη recalling that |e(wξ )|Lr(Rn\T ) < +∞.
Estimate (11) now follows from (10) and (12) combined. 
Following the ideas of Allaire, we observe the stress tensor function
F(ξ) = πξ I −
∣∣e(wξ )∣∣r−2e(wξ )
for which it is easy to see: F(ξ) ∈ Lr′(Rn \ T ) and divF(ξ) ∈ Lr′(Rn \ T ). Since it doesn’t have well-deﬁned values on ∂T ,
we must deﬁne its normal trace in the weak sense. More precisely,
F(ξ)n|∂T ∈ W−
1
r′ ,r
′
(∂T ) = (W 1− 1r ,r(∂T ))′
and now we are able to deﬁne the drag force function through(G(ξ), ζ )= 〈F(ξ)n, ζ 〉
∂T for ξ, ζ ∈ Rn. (13)
Remark 4.4. The drag force function is deﬁned in a bit unusual way, adapted to our needs, so in order to calculate the
actual vector components of G(ξ), one has to put, instead of ζ , unit vectors from the orthonormal basis of Rn .
To justify the deﬁnition of G(ξ), we recall that for φ ∈ C∞(Ω)∩ W 1,r(Ω)∫
∂Ω
Fn · φ dx′ =
∫
Ω
divF · φ dx+
∫
Ω
F : ∇φ dx,
which gives∣∣∣∣ ∫
∂Ω
Fn · φ dx′
∣∣∣∣ (|divF |Lr′ + |F |Lr′ )|φ|W 1,r .
That is why for every F ∈ {Φ ∈ Lr′ (Ω) | divΦ ∈ Lr′(Ω)} one can deﬁne normal trace Fn|∂Ω ∈ (W 1− 1r ,r(∂Ω))′ .
Our main result will be the connection between Uη(ξ) and G(ξ). There is a continuous transition when η → 0 and it
turns out that, up to an appropriate scaling, the permeability function at the limit converges to the inverse of the drag force
function. Similar result was obtained in [1], but due to the linear nature of the problem there, the results were given in
terms of the permeability tensor and its inverse.
We start by proving a very important property of the function G(ξ), its monotonicity.
Lemma 4.5. Function G is strictly monotone, that is(G(ξ)− G(ζ ), ξ − ζ )> 0, for all ξ = ζ. (14)
Proof. Let ξ = ζ and let wξ and wζ be solutions to (9) for parameters ξ and ζ respectively. We take (9)1 and test it with
(wζ − ζ ) ∈ D1,r(Rn \ T ).
0 =
∫
n
(∣∣e(wξ )∣∣r−2e(wξ ) : e(wζ )−πξ · divwζ )dx+ 〈πξn − ∣∣e(wξ )∣∣r−2e(wξ )n,wζ − ζ 〉∂T .
R \T
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Rn\T
∣∣e(wξ )∣∣r−2e(wξ ) : e(wζ )dx.
Now, it is easy to see(G(ξ)− G(ζ ), ξ − ζ )= ∫
Rn\T
(∣∣e(wξ )∣∣r−2e(wξ )− ∣∣e(wζ )∣∣r−2e(wζ )) : (e(wξ )− e(wζ ))dx.
The result which is essential to us and will be frequently used here is: for 1 < r < 2 and tensor valued Φ,Ψ ∈ Lr(Ω) (see
for example [25])∫
Ω
(|Φ|r−2Φ − |Ψ |r−2Ψ ) : (Φ −Ψ )dx |Φ −Ψ |2Lr(Ω)
(|Φ|2Lr(Ω) + |Ψ |2Lr(Ω))2−r
 0. (15)
We see now that the expression (G(ξ) − G(ζ ), ξ − ζ ) can be zero if and only if wξ = wζ in D1,r(Rn \ T ) and due to the
Theorem 4.1, that is equivalent to ξ = ζ . 
Remark 4.6. Due to its strict monotonicity, function G(ξ) is invertible. In other words, G−1(ξ) is well deﬁned for ξ ∈ Rn .
Remark 4.7. It is easy to see that
G(λξ) = |λ|r−2λG(ξ), λ ∈ R,
i.e. that G has the form
G(ξ) = ∣∣H(ξ)∣∣r−2H(ξ),
where H is a homogeneous function in the sense
H(λξ) = λH(ξ), λ ∈ R.
The computations from [7] suggest that, in general, H is not a linear operator since it is not additive
H(ξ + ζ ) = H(ξ)+ H(ζ ),
or, equivalently, H is not continuous in ξ = 0.
4.2. Continuity of the permeability function
In the geometry of homogeneous porous medium, one can choose a different shapes of obstacles that represent solid
or impermeable part. Though it obviously has an inﬂuence on the permeability function, it is easy to see that the change
in shape doesn’t have the effect on our results as long as the ratio of the solid and ﬂuid parts stays the same. The only
constraint we have on the obstacles are rather weak regularity demands on its boundary, but they are technical in nature
and are here to guarantee the regularity of solutions.
We are now interested in how solutions (vξ , pξ ) of (4) and the permeability function Uη in (3) behave with the change
of parameter η. We have already shown that η controls the ratio of solid and ﬂuid parts in the unit cell, being the size of
the obstacle in the unit cell. In order to work with the ﬁxed obstacle size, we ﬁrst rescale the ﬂuid part of the unit cell to
η−1Yη = η−1Y \ T . To match newly deﬁned domain, we choose a suitable scaling for the solutions:
vηξ (x) = ηA(r)vξ (ηx), pηξ (x) = ηn−1pξ (ηx), x ∈ η−1Yη, (16)
where
A(r) = n − r
r − 1 , 1< r < 2. (17)
The exponent A(r) is carefully calculated so that rescaled solutions now satisfy⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−div{∣∣e(vηξ )∣∣r−2e(vηξ )}+ ∇pηξ = ηnξ in η−1Yη,
div vηξ = 0 in η−1Yη,
vηξ = 0 on ∂T ,(
vη, pη
)
η−1Y -periodic
(18)ξ ξ
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Keeping the same notation, we set pηξ , v
η
ξ and e(v
η
ξ ) equal to zero outside of η
−1Yη to deduce that∣∣pηξ ∣∣Lr′ (Rn\T )/R  C |ξ |, ∣∣e(vηξ )∣∣Lr(Rn\T )  C |ξ | 1r−1 . (19)
For these extensions it is easy to prove that if vηξ ⇀ v˜ξ in L
r and e(vηξ )⇀ gξ in L
r then gξ = e(v˜ξ ).
Theorem 4.8 (Low-volume-fraction limit for polymer ﬂow). Let Uη be the permeability function as in (3) and G the drag force function
of the exterior problem as in (13).
Then rescaled solutions (vηξ , p
η
ξ ), deﬁned in (16), converge to a speciﬁc solution (wG−1(ξ),πG−1(ξ)) of the exterior problem (9) as
η → 0:
vηξ ⇀ wG−1(ξ) weakly in L
r
loc
(
R
n \ T ),
pηξ ⇀ πG−1(ξ) weakly in L
r′(
R
n \ T )/R,
e
(
vηξ
)→ e(wG−1(ξ)) strongly in Lr(Rn \ T ).
Furthermore, we have a continuity of the permeability function in the low-volume-fraction limit
lim
η→0η
A(r)Uη(ξ) = G−1(ξ) for every ξ ∈ Rn. (20)
Proof. Let vηξ = 1|η−1Y |
∫
η−1Y v
η
ξ dx = ηn ·
∫
η−1Y v
η
ξ dx and notice that∣∣vηξ ∣∣ CηA(r)|vξ |Lr(Yη)  C,
so there is a subsequence such that
lim
η→0 v
η
ξ = cξ ∈ Rn.
Using Poincaré–Sobolev inequality (with dilatation invariant constant) and (19), one easily ﬁnds that for any bounded ω ⊂
R
n \ T and η suﬃciently small so that ω ⊆ η−1Y \ T∣∣vηξ − vηξ ∣∣L nrn−r (ω)  C ∣∣∇vηξ ∣∣Lr(η−1Y )  C . (21)
From here, (vηξ − vηξ ) converges (up to a subsequence) weakly in L
nr
n−r
loc (R
n \ T ), so there exists v˜ξ ∈ Lrloc(Rn \ T ) such that
vηξ ⇀ v˜ξ in L
r
loc
(
R
n \ T ). (22)
Because of the boundedness of sequences (19), there is a weak limit (v˜ξ , p˜ξ ) ∈ D1,r(Rn \ T ) × Lr′ (Rn \ T )/R of a certain
subsequence (with the same notation) such that
pηξ ⇀ p˜ξ in L
r′(
R
n \ T )/R, e(vηξ )⇀ e(v˜ξ ) in Lr(Rn \ T ).
For now, we only have a weak convergence of e(vηξ ), so∫
η−1Yη
∣∣e(vηξ )∣∣r dx = ξ · vηξ → ξ · cξ  ∫
Rn\T
∣∣e(v˜ξ )∣∣r dx.
Passing to the limit in (21) and using the weak lower semicontinuity of the L
nr
n−r -norm, we get
|v˜ξ − cξ |L nrn−r (ω)  C,
where C doesn’t depend on ω. That yields v˜ξ − cξ ∈ L nrn−r (Rn \ T ), so the boundary condition at inﬁnity is
lim|x|→∞ v˜ξ = cξ .
In order to reveal the equation this limit satisﬁes take R > 0 such that T is contained in a ball B(0, R) and deﬁne a function
a ∈ C∞(Rn \ T ) (explicit construction may be found in [19]) with the following properties:
diva = 0, a = 0 for |x| < R, a = cξ for |x| > R + 1.
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T (v) = −div{∣∣e(v + a)∣∣r−2e(v + a)− ∣∣e(a)∣∣r−2e(a)},
which is continuous, strictly monotone and coercive (see [23]).
Take v ∈ C∞0 (Rn \ T ) and η such that η−1 > R and η−1Yη ⊇ supp v . Due to the inequality (15), we have∫
η−1Yη
(∣∣e(v + a)∣∣r−2e(v + a)− ∣∣e(a)∣∣r−2e(a)) : e(v + a − vηξ )dx

∫
η−1Yη
(∣∣e(vηξ )∣∣r−2e(vηξ )− ∣∣e(a)∣∣r−2 e(a)) : e(v + a − vηξ )dx.
Due to (22), left side of this inequality tends to expression 〈T (v), v − v˜〉 as η → 0. Using the fact that div vηξ = 0, the right
side is equal to∫
η−1Yη
(−∇pηξ + ηnξ + div{∣∣e(a)∣∣r−2e(a)}) · (v − (vηξ − a))dx
= ηn
∫
η−1Yη
ξ · (v − (vηξ − a))− ∫
η−1Yη
∣∣e(a)∣∣r−2e(a) : e(v − (vηξ − a))
+
∫
η−1Yη
pηξ div v −→ −
∫
Rn\T
∣∣e(a)∣∣r−2e(a) : e(v − v˜)+ ∫
Rn\T
p˜ξ div v.
Taking into account div v˜ = 0, this last expression may be written as∫
Rn\T
(−∇ p˜ξ + div{∣∣e(a)∣∣r−2e(a)}) · (v − v˜)dx.
We proved that〈T (v)+ ∇ p˜ξ − div{∣∣e(a)∣∣r−2e(a)}, v − v˜〉 0 (23)
for every v ∈ C∞0 (Rn \ T ) which is dense in D1,r0 (Rn \ T ).
Now, from (23), setting v = v˜+λu, u ∈ C∞0 (Rn \ T ) and λ ∈ R, using Minty’s trick we easily see that the limits v˜ξ = v˜+a
and p˜ξ satisfy (9)1–(9)3.
For the boundary condition at inﬁnity, let Bη = {x ∈ Rn | |x| < 12η } and Sη = {x ∈ Rn | |x| = 12η } and notice that T ⊂ Bη ⊂
Yη for η suﬃciently small. Deﬁne u˜η ∈ D1,r(Rn \ T ) with
u˜η =
{
uη in Bη \ T ,
cξ in Rn \ Bη, (24)
where uη is a solution to the problem⎧⎪⎨⎪⎩
−div{∣∣e(uη)∣∣r−2e(uη)}+ ∇qη = 0 in Bη \ T ,
divuη = 0 in Bη \ T ,
uη = 0 on ∂T , uη = cξ on Sη.
(25)
On the other side, v˜ξ satisﬁes⎧⎪⎨⎪⎩
−div{∣∣e(v˜ξ )∣∣r−2e(v˜ξ )}+ ∇ p˜ξ = 0 in Rn \ T ,
div v˜ξ = 0 in Rn \ T ,
v˜ξ = 0 on ∂T , v˜ξ = cξ + Eη on Sη
(26)
and, since v˜ξ is in fact equal to wcξ in the notation of the problem (9), we have Eη = wcξ − cξ and by the use of Lemma 4.3
we obtain
lim |Eη|
W 1− 1r ,r(S )
= 0. (27)
η→0 η
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when η → 0, so
e
(
u˜η
)→ e(v˜ξ ) in Lr(Rn \ T ). (28)
Setting zη = |e(vηξ )|r−2e(vηξ ) and obtaining |zη|Lr′ (Rn\T )  C , there is a subsequence and z0 ∈ Lr
′
(Rn \ T ) such that
zη ⇀ z0 in Lr
′(
R
n \ T ). (29)
Moreover,∫
η−1Yη
zηe
(
u˜η
)
dx →
∫
Rn\T
z0e(v˜ξ )dx
and just as well∫
η−1Yη
zηe
(
u˜η
)
dx = ξ · ηn
∫
η−1Yη
u˜η dx → ξ · cξ = lim
η→0
∫
η−1Yη
∣∣e(vηξ )∣∣r dx.
This ensures that∫
η−1Yη
zηe
(
vηξ
)
dx →
∫
Rn\T
z0e(v˜ξ )dx. (30)
Inequality (15) implies that for φη = u˜η + λu, u ∈ D1,r(Rn \ T ) and λ ∈ R∫
η−1Yη
(
zη − ∣∣e(φη)∣∣r−2e(φη)) : (e(vηξ )− e(φη))dx 0,
which, after passing η → 0 and using (28), (29) and (30), leads to∫
Rn\T
(
z0 − ∣∣e(φ)∣∣r−2e(φ)) : (e(v˜ξ )− e(φ))dx 0, where φ = v˜ξ + λu.
Using Minty’s trick again we get∫
Rn\T
(
z0 − ∣∣e(v˜ξ )∣∣r−2e(v˜ξ )) : e(u)dx = 0, u ∈ D1,r(Rn \ T ).
From here, taking u = v˜ξ , it is clear that |e(vηξ )|Lr(Rn\T ) tends to |e(v˜ξ )|Lr(Rn\T ) also, which ensures strong convergence
e
(
vηξ
)→ e(v˜ξ ) in Lr(Rn \ T ). (31)
After observing
|Y \ ηT | · (ξ, ζ ) = 〈pηξn − ∣∣e(vηξ )∣∣r−2e(vηξ )n, ζ 〉∂T = ∫
Bη\T
∣∣e(vηξ )∣∣r−2e(vηξ ) : e(wζ )dx
+ 〈pηξn − ∣∣e(vηξ )∣∣r−2e(vηξ )n,wζ − ζ 〉Sη − ξ · ηn
∫
Bη\T
(wζ − ζ )dx
and acknowledging the fact that last two terms on the right-hand side tend to zero, we use (31) to justify passing to the
limit
lim
η→0
〈
pηξn −
∣∣e(vηξ )∣∣r−2e(vηξ )n, ζ 〉∂T = ∫
Rn\T
∣∣e(v˜ξ )∣∣r−2e(v˜ξ ) : e(wζ )dx = 〈p˜ξn − ∣∣e(v˜ξ )∣∣r−2e(v˜ξ )n, ζ 〉∂T .
That leads to conclusion that for ζ ∈ Rn〈
p˜ξn −
∣∣e(v˜ξ )∣∣r−2e(v˜ξ )n, ζ 〉 = (ξ, ζ ),∂T
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the uniqueness
(v˜ξ , p˜ξ ) = (wG−1(ξ),πG−1(ξ)).
The uniqueness also ensures that any converging subsequence has the same limit, so the whole sequence converges to this
limit.
The last thing left to be seen is
ηA(r)Uη(ξ) =
∫
η−1Y \T
vηξ · ηn dx =
1
|η−1Y |
∫
η−1Y
vηξ dx −→ cξ = G−1(ξ). 
5. Conclusion
Homogenization in the case of quasi-Newtonian ﬁltration problem gives the effective ﬁltration law in the form of non-
linear Darcy’s law. We studied this effective law in more details, concerning the low-volume-fraction limit and the form of
the permeability function using the newly introduced drag force function.
In the main theorem, we proved the convergence in the best possible form, at least to our knowledge. Though appealing,
the convergence in D1,r(Rn \ T ) × Lr′ (Rn \ T )/R was impossible to obtain, since even after extension of pηξ , vηξ and e(vηξ )
by zero outside of η−1Yη , the sequence itself (vηξ , pηξ ) /∈ D1,r(Rn \ T )× Lr
′
(Rn \ T )/R.
The drag force function G is expected to appear also in other forms of homogenized equations. Similar case has been
observed to happen in the homogenization of the Stokes ﬂow for the Newtonian ﬂuids, for speciﬁc order of magnitudes of
obstacle size η(ε), called critical size (see [2,3]). The limit equations then have a Brinkman-type form, where the force term
proportional to the velocity appears in the equation, acting as a slowing effect of the microstructure on the macroscopic
ﬂow.
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